We introduce the notion of "slope" for geodesic laminations. Slope is a positive irrational defined via regular continued fraction. The action of the mapping class group on lamination pulls back to the action of GL(2, Z) on real line. We discuss applications of slopes in complex analysis, low-dimensional topology, geometric group theory and C * -algebras.
Introduction
Thurston's boundary 1 of the Teichmüller space is made of projective classes of measured laminations. In other words, each point of the boundary can be thought of as a topological lamination (i.e. with measure omitted) having certain asymptotic direction on the surface S. In the simplest case S is a torus, all possible directions are described by the "average slope θ" of leaves of the lamination. Clearly, θ ∈ [0, 2π[ and therefore the boundary of the Teichmüller space of torus is homeomorphic to S 1 . Such an idyllic picture extends to the higher genus surfaces, as we are trying to show in the present note. Namely, we introduce an irrational quantity θ, a "slope", for laminations on the higher genus surface. The slope is defined via continued fractions and linear-fractional transformations of the hyperbolic plane. Morally, θ measures "average inclination" of leaves of the lamination on the surface.
Some words on history of the problem are appropriate. In 1936 A. Weil asked about generalization of the Poincaré "rotation numbers" to the case of higher genus surfaces ( [14] ). It was conjectured that passing to the hyperbolic plane might be critical to solution of the problem, ibid. An excellent survey of Anosov ([1] ) gives the account of Weil's problem after 1936. Some interesting developments towards solution of the problem are due to Schwartzman ([9] ), Moeckel [7] , Series [10] and others, see ( [1] ). Let us mention spiritually close and influential work of E. Artin [2] .
There exists an amazing equivalence between the following three objects:
• arational foliation • geodesic lamination • dense geodesic line, cf. Thurston [11] . Two first objects depend on 6g − 7 real parameters ( [5] ), while the last one is intrinsically one-dimensional. Indeed, dense simple geodesics on surface S intersect the one-dimensional boundary of hyperbolic plane H in a Cantor set, and such geodesics are one-to-one with the points of the Cantor set K. (Note that normally geodesics are specified by two points at the boundary, but for dense geodesic the α-limit coincides with its ω-limit.) Using Cantor stair-functions, one can establish bijection between K and irrationals R\Q. From this point of view, our "slope function" realizes one of the above stair-functions. Continued fractions is the oldest part of number theory. In hyperbolic geometry, they are used to study the action of infinite sequences of Möbius transformations GL(2, C) on points of the hyperbolic plane. Namely, if an infinite sequence T 0 , T 1 , . . . , T n , . . . ∈ GL(2, C) acts on H, then the image of point z = ∞ converges to a complex number:
where a i ∈ C are uniquely defined upon T i , see Wall [13] , p. 13. Thurston's completion of the isotopy classes of simple closed curves is described in ( [12] ). The completion consists of infinite sequences {γ n } of closed curves which pass around in a "certain direction" on S, cf. [12] p. 420. The lim γ n tends to a dense geodesic (whose closure gives us a minimal lamination).
Recall that any closed geodesic is induced by Möbius transformation of the hyperbolic plane, cf. §2.3. Therefore, the geodesic sequence {γ n } is generated by Möbius transformations {T n }, such that |tr T i | > 2. If slopes exist at all, they must be defined by identity (1) . Of course, one should reasonably fix the Fuchsian group G ⊂ GL(2, C) to represent surface S. Everywhere in this text G = Γ n , the principal congruence group. Such a choice assures convergence of continued fraction to an irrational real number.
The article is organized as follows. Section 2 is reserved for notation, definitions and helpful facts. "Slopes" are introduced in Section 3, first for geodesics on the modular surface, then in the general case. In Section 4 we discuss applications to Teichmüller theory, topology of 3-manifolds, braid groups and C * -algebra theory.
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Notation

Geodesics on Riemann surfaces
Let S be surface of constant negative curvature. By a geodesic on S we understand the maximal arc on S consisting of the locally shortest sub-arcs (in the given metric on S). Each geodesic is the image of the open real interval I under a continuous mapping I → S. For brevity, we call geodesics of type (b) simple, since they allow no selfcrossing or self-tangent points.
Every geodesic γ : I → S of type (iii) is recurrent, i.e. for any t 0 ∈ I and ε > 0 the ε-neighbourhood of p(t 0 ) has infinitely many intersections with γ(t) provided t > N, where N = N(ε) is sufficiently large. The topological closure of recurrent geodesic on S contains the continuum of disjoint recurrent geodesics, and called a minimal geodesic lamination Λ, see [11] . Intersection of Λ with any closed curve on S is homeomorphic to the Cantor set.
A foliation F on S is partition of S into a disjoint union of 1-dimensional and, possibly, a finite number of 0-dimensional leaves denoted by Sing F . Immediate examples of foliations are orbits of flows and trajectories of quadratic differentials on S.
F is called measured if it supports an invariant transversal measure on leaves, see [5] . In other words: (i) Sing F consists n-prong saddles, where n ≥ 3;
(ii) each 1-leaf is everywhere dense in S.
Geodesic lamination Λ can be obtained from F by a "blow-up" surgery. Namely, a separatrix of F is a 1-leaf one of whose ends lie in Sing F . Blow-up is a replacement of separatrix by a narrow strip [−ε, ε] × R using a homotopy surgery, which doesn't affect the nearby leaves. The complement of blown-up separatrices consists of leaves of F that fill-up the entire S. It is not hard to see that the above complement is homeomorphic to Λ.
Arithmetic Riemann surfaces
Denote by Γ the modular group GL(2, Z). For every k = 1, 2, 3, . . ., consider its normal subgroup Γ k ⊂ Γ (of finite index) consisting of matrices of the form:
where p, q, r, s ∈ Z. The subgroup Γ k is called a principal congruence group of step n. Let H = {z = x+iy ∈ C|y > 0} be the Lobachevsky (half-) plane endowed with the hyperbolic metric ds = |dz|/y. Group Γ k acts discretely on H by the
, where
orbifold with a finite number of cusps corresponding to the (finite) stabilizers of group Γ k . It follows from the construction that S is a Riemann surface, which we call an arithmetic Riemann surface. The genus of S can be evaluated according to the classic formula (11).
Length-trace formula
An element g ∈ GL(2, Z) is called:
Equivalently, cases (i)-(iii) correspond to the transformations of H with: (i) one fixed point in Int H, (ii) one fixed point at ∂H, (iii) two fixed points at ∂H.
Let g be hyperbolic, and C the geodesic circle trough the fixed points of g. It is known that g(C) = C and g "shifts" points of C. The hyperbolic length of segment [x, g(x)] doesn't depend on x ∈ C:
where tr (g) is the trace of matrix g ∈ GL(2, Z). Expression (3) we call a length-trace formula.
It is not hard to see that segment [x, g(x)] covers a periodic geodesic on the modular surface H/GL(2, Z) whose riemannian length coincides with l([x, g(x)]).
Slopes of geodesics
There are no "straight" lines on surfaces of genus n > 1. Fortunately, simple geodesics (i.e. non self-intersecting geodesics) can be used as a replacement for the straight lines. As for straight line of flat torus, simple geodesic can be characterized by inclination angle, or slope, that it has on surface S. Slope is a positive real, defined modulo action of the matrix group GL(2, Z), and such that slope is rational whenever geodesic is periodic and irrational otherwise. We first define slopes of simple geodesics on modular surface H/Γ, and then extend it to Riemann surfaces H/Γ k , where Γ and Γ k are modular and principal congruence groups, respectively.
Slopes on modular surface
Existence of simple non-periodic geodesics, which are dense on modular surface, was established by Artin [2] . Let γ be such a geodesic andγ its image on H. Let Ω = {z ∈ H | |Re z| ≤ 1 2 and |z| > 1}
be standard fundamental region of modular group Γ = GL(2, Z)/ ± I and following Artin consider intersectionsγ ∩ Ω.
Dense geodesics as limit of sequences of periodic geodesics
The setγ ∩ Ω consists of an infinite sequence of arcs {I 0 , I 1 , I 2 , . . .}, where I 0 denotes the first, arbitrary chosen, arc and I 1 , I 2 , . . . are such that the left end of I 1 is identified with the right end of I 0 , left end of I 2 is identified with the right end of I 1 , etc. Note that I i ∩ I k = ∅ whenever i = k and I k fill densely region Ω, i.e. each I i is approximated by I k 's with any given accuracy ( [2] ). We call finite sequence I 0 , I 1 , . . . , I k
a spline of arcs I 0 , I 1 , . . . , I k if the right end of I k is identified with the left end of I 0 . In other words, spline represents a closed (periodic) line on the modular surface S = H/Γ. There exists a natural map of splines into the homotopy group π 1 (S). Consider the geodesic representatives
of splines, i.e. unique periodic geodesics which represents elements of π 1 (S) generated by splines. It follows from the construction that our non-periodic geodesic γ = lim i→∞ γ i and the lengths of γ i grow monotonically as i → ∞.
Cauchy sequences of periodic geodesics
Recall that any hyperbolic transformation g i ∈ GL(2, Z) leaves invariant a geodesic γ i ∈ H which represents periodic geodesic on S, and whose length is given by the formula:
Conversely, every periodic geodesic on S gives birth to the equivalence class [g i ] = {t −1 g i t | t ∈ GL(2, Z)} of hyperbolic transformations of H. We say that γ i is generated by hyperbolic transformation g i ∈ [g i ].
Definition 1 Let {γ i | γ i ∈ π 1 (S), i = 0, . . . , ∞} be an infinite sequence of periodic geodesics on the modular surface S. Sequence {γ i } is said to be Cauchy (or, algebraically convergent) if there exists infinite sequence of positive integers {a i > 0 | a i ∈ Z, i = 0, . . . , ∞} such that {γ i } is generated by the hyperbolic transformations: Proof. Indeed, according to (8) :
Since a i > 0, tr (g i ) is monotone growing sequence. By virtue of (7), we have l(γ i ) is a growing sequence. 
Lemma 4 Let J (S) be the set of isotopy classes of simple closed curves on surface S. Then the Cauchy sequences are a completion of the set J (S), which we denote by P J (S).
Proof. The concept of completion of the space of simple closed curves by simple non-closed curves filling-up S, is due to W. P. Thurston [12] .
Definition of slope
Since γ = lim n→∞ γ n (see Section 3.1.1), we identify γ with a Cauchy sequence of periodic geodesics. The latter, by definition, is generated by infinite sequence of positive integers {a n }. Similarly to completion of rationals by the irrational numbers, we can complete the set of periodic geodesics to the set of non-periodic geodesics, see Thurston [12] . From this point of view, the completion consists of the Cauchy sequences {a n }, and we set the continued fraction θ(γ) = a 0 + 1
which always converges to a positive irrational number θ.
Definition 2 Let γ be a simple non-periodic geodesic on the modular surface S. Then positive irrational number θ(γ)
is called a slope of γ on S.
Slopes on Riemann surfaces
Let Γ k be the principal congruence subgroup of modular group Γ. Γ k has finite index in Γ and therefore Riemann surface S k = H/Γ k can be viewed as a finite covering of S. The genus g of S k can be found from the formula:
see e.g. Gunning [6] , Theorem 8 on page 15. Any simple non-periodic geodesic on S k projects naturally onto such of the modular surface S. It was a reason why we studied slopes of geodesics on S in the first place. The following definition seems to be reasonable.
Definition 3 Let γ be a simple non-periodic geodesic on the Riemann surface S k . Then a slope of γ on S k is defined to be slope of the geodesicγ on
S, whereγ = π(γ) and π is a covering map from S k to S.
Slopes of topologically equivalent laminations
Take a dense geodesic γ of slope θ on S. Denote by Λ = Clos γ a minimal geodesic lamination formed by geodesics lying in the closure of γ. Note that any geodesic in the closure will have slope θ, because it stretches in the same "asymptotic direction" as γ. By an abuse of notation, let call θ a slope of Λ.
Recall that laminations Λ, Λ ′ are topologically equivalent iff there exists a homeomorphism ϕ : S → S such that each leaf of Λ through point x goes to a leaf of Λ ′ through point ϕ(x). Clearly, the equivalence class is made of image of Λ under the action of the mapping class group. The variation of slope in the equivalence class is as follows. 
Proof. Proof has been expounded in our earlier works. Let us give a key idea. The slopes of equivalent lamination are represented by continued fractions which differ only in a finite number of terms. (This means that Cauchy sequences of two equivalent laminations are "asymptotically the same".) The rest follows from the main property of continued fractions.
Recently we proved that slope is continuous function of the lamination ( [4] ). This however lies beyond our present scope.
Applications
Arithmetic of Thurston's boundary of Teichmüller space
Recall that projective measured foliation (lamination) on surface S can be interpreted as unmeasured foliation (lamination, respectively). "Unmeasured" means that one retains the asymptotic and omits measure properties of the foliation. The equivalence class of (un)measured foliation consists of isotopic and Whitehead isotopic foliations, see ([5] ). Let T (S) be the Teichmüller space, i.e. the space of conformal structures on surface S. Thurston's boundary ∂T (S) is known to be the sphere S 6g−7 , whose points represent the equivalence classes of unmeasured foliations on S, cf. ( [12] ).
On the other hand, the unmeasured foliations and laminations are completely described by their slopes θ, as we showed above. Thus slopes can be viewed as an "arithmetisation" of Thurston's boundary.
Conjecture 1 Let S be surface of genus g ≥ 1. Let I be unit interval of real line and θ ∈ I. Then there exists a continuous surjection f of I onto Thurston's boundary of T (S) given by the formula:
where P is the Peano (space-filling) curve.
Topology of 3-manifolds
An amazingly rich class of 3-dimensional manifolds can be obtained by the mapping torus construction. Namely, let ϕ : S → S be a homeomorphism of surface S. Consider a 3-dimensional manifold obtained by pasting together two copies of handlebody with the boundary S along the homeomorphism ϕ:
M 3 ϕ is called a mapping torus of ϕ. If ϕ is periodic, then the mapping torus is the Seifert manifold. The most interesting and unexplored case is when ϕ is a pseudo-Anosov homeomorphism. In this case M 3 ϕ admits a hyperbolic metric, cf ( [11] ). Thurston's Geometrisation Conjecture implies that the "majority" of 3-dimensional manifolds are mapping tori, or covered by the mapping tori.
Let Λ be minimal lamination of slope θ. We say that foliation F has slope θ on surface S, iff F is obtained from Λ by the blow-up operation, see §2.1. Proof. Let Mod S be the mapping class group of surface S. Note that Mod S ≃ Aut π 1 S, and π 1 S = G, where G is the Fuchsian group of S. Thus, Mod S ≃ Aut G.
Lemma 5 Let
Recall that each automorphism of G is inner, i.e. Aut G = {tGt −1 | t ∈ G}. Denote by t ϕ the automorphism of G generated by the homeomorphism ϕ ∈ Mod S. Since ϕ is pseudo-Anosov, t ϕ is hyperbolic transformation of H.
Iterations ϕ n , n ∈ Z on S generate dynamical system (H, t ϕ ) on H. The only two fixed points (source and sink) of the DS lie at the boundary of H and satisfy the equation:
Since t ϕ ∈ GL(2, Z), x is a quadratic irrationality. The geodesic half-circle drawn through the fixed points x − , x + is invariant under the hyperbolic transformation t ϕ , and covers a dense geodesic γ on S. Clearly, γ is a leaf of stable (unstable) lamination of slope θ = x + (θ = x − ).
Mapping tori M 
What will be the slopes of stable (unstable) foliations for homotopy equivalent mapping tori? Proof. Let ϕ ′ = hϕh −1 , h ∈ Mod S be new pseudo-Anosov homeomorphism. Then dynamical systems (H, t ϕ ) and (H, t ϕ ′ ) (see proof of Lemma 1) are conjugate:
for a transformation s ∈ GL(2, Z). New fixed points x ′ + , x ′ − are defined from the equation t ϕ ′ (x) = x. The quadratic equation for x can be written as:
. Note that det t ϕ ′ = det t ϕ and tr t ϕ ′ = tr t ϕ . Therefore, ∆ is invariant of transformation (17). Lemma follows.
"Imaginary" arithmetic topology is known since Bianchi and Klein. Lemma 6 open doors to a "real" arithmetic topology, in the sense that number field K is real quadratic. Let us formulate some conjectures in this direction. 
Conjecture 2 Hyperbolic volume of the mapping torus M
where ε is the fundamental unit and d discriminant of the field K. 
Conjecture 3 The number of cusps of manifold M
Geometric group theory
Slopes can be used to settle the conjugacy problem for the elements of braid group B n . Recall that B n is isomorphic to the mapping class group Mod D n of n-holed disk D n . If ϕ ∈ Mod D n is pseudo-Anosov then it fixes (a pair of) foliations F s , F u ⊂ D n . Slopes θ of F s (F u ) are invariants of braids b ∈ B n as the following statement 2 shows. 
Classification of AF C*-algebras
Finally, the last (but historically, the first) application of slopes goes to C * -algebra theory. By the C * -algebra one understands a noncommutative Banach algebra with an involution. Namely, a C * -algebra A is an algebra over C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. An AF (approximately finite-dimensional) algebra is defined to be the norm closure of an ascending sequence of finite dimensional C * -algebras M n 's, where M n is an algebra of n × n matrices with entries in C, cf ( [3] ). By Elliott's theorem, AF C * -algebra is defined by its K-theory groups, called dimension groups, and an order unit. Dimension group is called polycyclic if it is based on abelian group Z n , n ≥ 1. The following lemma says that polycyclic dimension groups are generated by geodesic lines on Riemann surfaces.
Lemma 7 Let γ be a simple non-periodic dense geodesic on Riemann surface S of genus g ≥ 1. Then corresponding to γ there exists an ordered abelian group Z 2g (dimension group) whose non-negative elements lie inside a cone bounded by k ≤ g hyperplanes passing through the origin of Z 2g .
Proof. As we discussed above, γ can be completed to an arational foliation F on S. Such foliations have a cone invariant transversal measures. On the other hand, it is known that each measure on F generates a "state" on the dimension group, so that its positive cone is canonically defined by the cone of invariant measures. Lemma follows.
Dimension group G = G(γ) of Lemma 7 we shall call induced by geodesic γ. Conversely, any abstractly given simple polycyclic dimension group is induced by a geodesic line. Therefore, polycyclic dimension groups can be parametrized by numbers θ ∈ R. In our earlier works, we denoted such a parametrization by G θ and proved the following classification result.
Theorem 2
The dimension groups G θ and G θ ′ are order-isomorphic if and only if θ and θ ′ are modular equivalent:
